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Stress Intensity Solutions for Corner and Through-the-Thickness 
Cracks at a U-Shaped Notch 

 
JAMES A. HARTER 

Sustainable Structures Branch, United States Air Force Research Laboratory, Wright-Patterson AFB, OH 

 
ABSTRACT 

Stress intensity factor solutions for corner and through cracks growing from a u-shaped edge notch are 
required to improve the accuracy of damage tolerance analyses for continuing damage scenarios. Closed-
form K-solutions for through-the-thickness and corner cracks under remote axial loading were developed 
using 3-D finite element (FE) models for wide plates. Finite width corrections were determined based on FE 
models for a wide range of finite plate geometries. The finite width models included boundary conditions 
with and without far edge constraints as an option to account for in-plane bending due to geometric 
asymmetry. The resulting solutions are valid for notch depths resulting from equivalent hole edge distances 
(e/D) from 0.0 to 49.5. 

Keywords 
Stress Intensity Factor Solution 
Continuing Damage 
Cracked Notch 
U-Shaped Notch 
Slotted Notch 

 

1  INTRODUCTION 

When a crack is assumed to exist at a fastener hole adjacent to the edge of a panel, the crack will 
grow to the edge, resulting in a slotted edge notch terminated by the fastener hole. In most cases, 
this damage is not sufficient to result in failure of the structure. To continue the life prediction 
process, a secondary crack is normally assumed to exist on the opposite side of the hole. This 
secondary crack assumption is the essence of the continuing damage concept, as illustrated in 
Figure 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1:  Typical continuing damage scenario for a cracked hole adjacent to the edge of a plate. 
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The U.S. Air Force defines continuing damage [1] as the assumption of a primary crack (typically 
0.05 in.) growing from one side of a hole with a secondary (typically 0.005 in.) crack growing 
simultaneously on the opposite side of the hole. Initial through the thickness cracks are assumed 
for thin skin structures, and corner cracks are normally used for thick sections. Stress intensity (K) 
solutions are available for non-symmetric corner and through cracks at a fastener hole, but these 
solutions are only valid until the primary crack grows to the edge of a panel. The secondary crack 
will continue to grow, but the K-solution must reflect the change in geometry once the ligament 
between the hole and the free edge is severed. 

Closed-form K-solutions are available for a through cracked elliptical notch in a semi-infinite 
plate. However, it was determined (based on notch stress concentration factors) that these 
solutions are approximately 10-15% unconservative when compared to a U-shaped, or slotted 
notch, which is more representative of the continuing damage geometry as shown in Figure 2.  

 

 

 

 

 

 

 

 

Figure 2:  Elliptical vs. u-shaped notch geometry and associated stress concentration factors. 

This paper will document the development of general closed-form K-solutions for corner and 
through-the-thickness cracks growing from edge notches to improve the accuracy of continuing 
damage crack growth life predictions. 
 

2  APPROACH 

Three dimensional FE models were used to calculate stress intensity factors for the through and 
corner cracked notch geometries. The FE analysis program, Abaqus [2], was used to create and 
analyze all of the structural models required for this effort. The stress intensity solutions were 
obtained using FRANC 3D/NG [3] to insert a crack in a local model surrounding the notch as 
indicated in Figure 3. 
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Figure 3:  Illustration of the global/local FEM approach. 

Baseline solutions for a semi-infinite plate were modeled with a wide plate as indicated below. No 
units are shown since all dimensions are relative.  

Baseline model dimensions: 

Width = 100 * (e + D/2) 
Thickness = 1.0  
Total Plate Height = 500 * (e + D/2) 

Crack lengths were limited to values that would result in (e + D/2 + C) < 10% of the plate width. 
Loading: 

Uniform normal pressure along the top edge 
 

Boundary Conditions: 

Bottom edge fixed in the y-direction 
Bottom, mid-plane node fixed in the z-direction. 
Right edge fixed in the x-direction (limit in-plane bending) 
 

The finite plate width effect was determined by dividing the FEM results for various plate widths 
by the baseline FEM solutions with the equivalent notch depth and crack length(s). 

Solutions for un-constrained in-plane bending were determined using finite width FEM solutions 
without the constraint on the right edge of the plate. 

The K-solution for all cases was defined as a function of the remote axial reference stress ref, 
crack length (x), and the non-dimensional geometry correction factor, beta (): 

 

 

ሺ௫ሻܭ ൌ  ሺ௫ሻߚ	ݔ	ߨ√	௥௘௙ߪ                   (1) 
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The reference stress for all solutions in this paper is the gross remote tension stress applied along 
the top edge of the plate. For clarity and consistency with standard practice, the crack lengths in 
the plate width direction were defined as the c-dimension, and cracks in the plate thickness 
direction were defined as the a-dimension. 
 
2.1  Through‐the‐thickness crack approach 
 
The 2-D (Plane Stress) solution was determined from the 3-D FEM results using the standard 
relationship between the plane stress and plane strain K-solution. 
 

௄ು೗ೌ೙೐	ೄ೟ೝ೐ೞೞ
௄ು೗ೌ೙೐	ೄ೟ೝೌ೔೙

ൌ √1 െ ߭ଶ                    (2) 

This approach was verified for an edge crack in a semi-infinite plate using the same FEM 
dimensions, loading, and boundary conditions used for the continuing damage models substituting 
the edge crack length in place of the notch depth. The results were within 1% of the well known 
(2-D) edge crack solution [4]. 
 

ߚ ൌ 1.122                        (3) 

The notched solution for the continuing damage case is known when the crack length approaches 
both zero and infinity. As the crack length approaches zero, the beta value converges to the stress 
concentration factor for the u-shaped notch [5] multiplied by the edge crack correction.  
 

ߚ ൌ  ೙೚೟೎೓	௧ܭ	1.122                     (4) 

As the crack length goes to infinity, the solution converges to the edge crack solution in a semi-
infinite plate. Since the through-the-thickness crack length (c) for the continuing damage case is 
measured from the edge of the hole, a correction was applied to the beta solution to obtain the 
equivalent edge crack solution. 
 

ߚ ൌ ଵ.ଵଶଶ

ඥ௖/ሺ௖ାேሻ
	                        (5) 

The notch depth (N) was simply defined as the hole edge distance (e) plus the hole radius (R = 
D/2). Wide plate FEM K-solutions were calculated for several ratios of hole radius to notch depth 
(R/N). 
 

R/N = 0.1, 0.2, 0.333, 0.5, and 1.0 

Crack lengths were normalized by dividing each crack length by the sum of the crack length and 
the notch depth. This allowed the results for all notch depths to be plotted together so that data for 
other notch depths could be determined by interpolation. It should be noted that the -solution for 
R/N=0.0 is the equivalent semi-infinite plate edge crack solution. 

The combinations of plate width, hole diameter, and edge distance used to determine the finite 
width correction are indicated in Table 1 and Table 2. 
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Table 1:  Finite width Geometries for D=0.5. 

 

 

 

 

 

 
Table 2:  Finite width geometries for D=0.25 

 

 

 

 

 

 

2.2  Corner Crack Approach 
 
The corner cracked solution was based on the framework of the Newman and Raju closed-form K-
solution for an elliptic, corner cracked hole under remote tension loading [6]. 
 

ܭ ൌ  ௖௛ܨ		ܳ/ܽߨඥ	௥௘௙ߪ                     (6) 
 

௖௛ܨ ൌ ൤ܯଵ ൅ܯଶ ቀ
௔

௧
ቁ
ଶ
൅ ଷܯ ቀ

௔

௧
ቁ
ସ
൨  ௪ܨథܨସܩଷܩଶܩଵܩ               (7) 

 

As noted in reference [6], the functions, G1G2…Gn, are used to fine-tune the solution. The 
functions, G1, G2, and G3, were modified as required to obtain a close fit (5%) to the FEM 
results. Wide plate FEM K-solutions for the corner cracked hole case were calculated for a number 
of R/N values. 
 

R/N = 0.1, 0.2, 0.333, and 1.0 

The function, G2, generally accounts for the unflawed stress distribution in both crack directions. 
G3 is used to make adjustments for crack shape (a/c) and percent of plate thickness penetrated 
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(a/t). A minor adjustment to G1a was required to force the solution to converge in both directions 
as the crack length goes to zero. 

For the c-dimension, the wide plate beta values obtained for the through crack were used as the 
basis for G2c. 
 

ଶ௖ܩ ൌ
ఉೈ೔೏೐	೅೓ೝೠ	಴ೝೌ೎ೖ

ଵ.ଵଶଶ
                      (8) 

This provided a means to capture the effect of a given notch geometry on the local stress 
distribution in the c-direction. A relationship for G2a was needed that would allow G3a (required to 
match the FEM results) to be within 5% for all notch depths. The closed-form equation for G2a 
was determined by iteration using the FEM results for each notch depth. 

The solution for G3 was determined based on wide plate FEM results for several combinations of 
crack lengths in both directions as indicated in Tables 3 through 6. 
 

Table 3:  Crack lengths modeled for R/N=0.1. 

 

 

 

 

 

 

 

 

Table 4:  Crack lengths modeled for R/N=0.2. 
 

 

 

 

 

 

 

 

 

Table 5:  Crack lengths modeled for R/N=0.333. 
 

 

 

 

 

 

 

 



7 
Approved for public release; distribution unlimited. 

Table 6:  Crack lengths modeled for R/N=1.0. 
 

 

 

 

 

 

 

 

 

The range of crack shapes (a/c) modeled was intended to cover the range of expected values for 
practical structures. 

The finite width correction for the corner crack solution was determined for each crack dimension 
using the same combination of plate width and hole diameter values that were used for the 2-D 
solution. The crack shapes for each model covered the range of shape values used for the wide 
plate solution. 

The general K-solution for the corner cracked hole was developed using FEMs with a unit 
thickness and a hole radius of 0.25. The effect of hole radius to plate thickness (R/t) was 
determined based on additional wide plate FEM K-solutions for several R/t values. 
 

R/t = 0.25, 0.50, 1.0, 2.0 

The R/t values for a majority of practical structures fit within this range. An additional term, G5, 
was added to the closed-form solution to account for this effect. 
 

3  RESULTS 

The semi-infinite plate thru-crack beta solution is shown graphically in Figure 4. The complete 
tabular solution is given in Appendix 1. This solution serves as the basis for the general through-
the-thickness and corner crack continuing damage solutions. The tabular solution was expanded 
by interpolation for both crack length and notch depth using FEM results and the known limit 
solutions.  
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Figure 4:  Thru-crack (2-D) semi-infinite plate FEM and curve fit beta solutions. 
 
3.1  Through‐the‐thickness Crack Results 

The general K-solution for the thru crack is expressed as a function of the 2-D wide plate beta 
solution, the finite width, and the in-plane bending constraint factors. 
 

ܭ ൌ	ߪ௥௘௙	√ߨ	ܿ		ߚௐ௜ௗ௘	்௛௥௨	஼௥௔௖௞	ܨ௪	ܨ௕                  (9) 

The finite width correction data and resulting curve fit is shown in Figure 5. 
 

 

 

 

   

 

 

 

 

 

 

 

 

 

 

 
Figure 5:  Thru-crack finite width effect data and curve fit results. 
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௪ܨ ൌ ටܿ݁ݏ ቀ	
గ	ఒభ.ఴళఱ

ଶ
ቁ                    (10) 

 
Since the baseline FEM solutions were constrained along the right edge, the bending correction is 
required to obtain the K-solution when this constraint is removed. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6:  Thru-crack bending correction data and curve fit results. 

 

௕ܨ ൌ 1 ൅ ߣ	0.26 ൅ ଶߣ	4.4 ൅ ଺ߣ	11.3 ൅ ଵଶߣ	8.2 ൅ ଶଶߣ	18.5 ൅  ଷଽߣ	69.0         (11) 
 

3.2  Corner Crack Results 

As stated previously, the corner crack solution was based on the Newman and Raju corner cracked 
hole solution framework. 
 

ܭ ൌ  ௖௛ܨ		ܳ/ܽߨඥ	௥௘௙ߪ                   (12) 
 

௖௛ܨ ൌ ൤ܯଵ ൅ ଶܯ ቀ
௔

௧
ቁ
ଶ
൅ ଷܯ ቀ

௔

௧
ቁ
ସ
൨  ௕ܨ௪ܨథܨହܩସܩଷܩଶܩଵܩ              (13) 

The majority of the parameters were used without changes and are given here as a convenience for 
the reader. 
 

For	a/c	 ൏ 	1 

ଵܯ ൌ 1.13 െ 0.09	ሺܽ/ܿሻ                    (14) 

ଶܯ ൌ
଴.଼ଽ

ሺ଴.ଶା௔/௖ሻ
െ 0.54                    (15) 
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ଷܯ ൌ 0.5 െ
ଵ.଴

ሺ଴.଺ହା௔/௖ሻ
൅ 14	ሺ1 െ ܽ/ܿሻଶସ              (16) 

ଵ௖ܩ ൌ 1 ൅ ሺ0.1 ൅ 0.35	ሺܽ/ݐሻଶሻ                  (17) 

థ௖ܨ ൌ ඥܽ/ܿ	                      (18) 

థ௔ܨ ൌ 1.0                      (19) 

ܳ ൌ 1.0 ൅ 1.464	ሺܽ/ܿሻଵ.଺ହ                  (20) 

For	a/c	 ൒ 	1 

ଵܯ ൌ ඥܿ/ܽ		൫1.0 ൅ 0.04	ሺܿ/ܽሻ൯                  (21) 

ଶܯ ൌ 0.2	ሺܿ/ܽሻସ                     (22) 

ଷܯ ൌ െ0.11	ሺܿ/ܽሻସ                    (23) 

ଵ௖ܩ ൌ 1 ൅ ሺ0.1 ൅ 0.35	ሺܿ/ܽሻ	ሺܽ/ݐሻଶሻ                (24) 

థ௖ܨ ൌ 1.0                      (25) 

థ௔ܨ ൌ ඥܿ/ܽ	                      (26) 

ܳ ൌ 1.0 ൅ 1.464	ሺܿ/ܽሻଵ.଺ହ                  (27) 
 
The remaining parameters were modified as required to provide the best fit to the FEM results. 
 

ଵ௔ܩ ൌ 1.0 ൅ 0.0699	݁ିଵହ଴ሺ௔/௧ሻ                  (28) 

ଶ௖ܩ ൌ
ఉೈ೔೏೐	೅೓ೝೠ	಴ೝೌ೎ೖ

ଵ.ଵଶଶ
                    (29) 

ଶ௔ܩ ൌ ଶ௖ܩ ቈ0.985 ൅ ቆ
ଵ.ଷଵି଴.ଽ଼ହ

ଵା௘
ష൬బ.యమయష ೎

ሺ೎శಿሻ൰/బ.మ
ቇ቉              (30) 
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Figure 7:  Corner crack G3c FEM data and curve fit results. 

 
For	a/c	 ൏ 	1 

ଷ௖ܩ ൌ ሺ0.985 െ 0.087	ሺܽ/ܿሻସ.ଶହሻ ൅ 0.29	ሺܽ/ݐሻ െ 0.11ሺܽ/ݐሻସ.ଶହ െ
0.05	ሺܽ/ݐሻ଺	                             (31) 

 

For	a/c	 ൒ 	1 

ଷ௖ܩ ൌ ሺ1.5585 െ 0.66	ሺܽ/ܿሻ଴.ଵሻ ൅ 0.29	ሺܽ/ݐሻ െ 0.11ሺܽ/ݐሻସ.ଶହ െ
0.05	ሺܽ/ݐሻ଺	                      (32) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 8:  Corner Crack G3a FEM data and curve fit results. 
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For	a/c	 ൏ 	1 

ଷ௔ܩ ൌ 0.735 ൅ ൬
ൣଵ.଺ଶହି଴.ସሺ௔/௖ሻమ.మఱ൧ሺ௔/௧ሻ

଴.ଵ଻ହାሺ௔/௧ሻ൫భ.యమషబ.మమሺೌ/೎ሻ
మ.ఱ൯
൰ ൅ 0.625	ሺܽ/ݐሻ଼          (33) 

 

For	a/c	 ൒ 	1 

ଷ௔ܩ ൌ 0.735 ൅ ൬
ൣଵ.ଶସି଴.଴ଵହሺ௔/௖ሻభ.ఱ൧ሺ௔/௧ሻ

଴.ଵ଻ହାሺ௔/௧ሻ൫భ.భమషబ.బమሺೌ/೎ሻ൯
൰ ൅ 0.625	ሺܽ/ݐሻ଼          (34) 

	 
 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 9:  Corner Crack G5c FEM data and curve fit results. 

 

ହ௖ܩ ൌ 1 ൅ ቀ ଵ.ହସ	ሺோ/௧ሻమ.ఱ

ଵାଵ଴.ସସହ	ሺோ/௧ሻమ.ర
െ 0.035ቁ	൫1 െ ሺܽ/ݐሻ൯

ଶ.ଶହ
                             (35) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 10:  Corner Crack G5a FEM data and curve fit results. 
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ହ௔ܩ ൌ ቆ0.5 ൅ ቀ
ሺோ/௧ሻభ.మమఱ

଴.଴ଽଵାଵ.ଵሺோ/௧ሻ
ቁቇ

ିଵ

൅ ቀ൫0.8	݁ିଵ.ହ	ሺோ/௧ሻ൯	൫ሺܴ/ݐሻ െ 0.25൯	ሺܽ/ݐሻଶቁ            (36) 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 11:  Corner Crack Fwc data and curve fit results. 
 

௪௖ܨ ൌ ටܿ݁ݏ ቀ	
గ	ఒమ.యఱ

ଶ
ቁ                    (37) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 12:  Corner Crack Fwa data and curve fit results. 

 

௪௔ܨ ൌ ටܿ݁ݏ ቀ	
గ	ఒమ.ఱ

ଶ
ቁ                    (38) 
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The in-plane bending correction is based on the curve-fit for the through crack case (Fb, Section 

3.1) where the function, , is defined for each crack direction. 
 

௕௖ܨ ൌ ௕ሺఒೌሻܨ ൅ ሺܽ/ݐሻଶ	൫ܨ௕ሺఒ೎ሻ െ  ௕ሺఒೌሻ൯ܨ            (39) 

 

௕௔ܨ ൌ ௕ሺఒೌሻܨ ൅ ሺܽ/ݐሻ	൫ܨ௕ሺఒ೎ሻ െ   ௕ሺఒೌሻ൯ܨ             (40) 

 

௖ߣ ൌ ሺ݁ ൅ ܴ ൅ ܿሻ	/	ܹ                    (41) 
 

௔ߣ ൌ ሺ݁ ൅ ܴሻ	/	ܹ                   (42) 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 13:  Corner Crack in-plane bending correction error vs. c-length to un-cracked net section 
ratio. 

 

4  VERIFICATION 

The 2-D tabular semi-infinite plate beta solution matrix was expanded to include a wide range of 
notch depths and a large number of crack lengths. The values were selected so that reasonably 
accurate (within 5%) solution for a given geometry could be obtained using linear interpolation.  

Since the proposed through-the-thickness and corner cracked solutions were developed by curve 
fitting the baseline FEM results, good agreement for all baseline notch depths would be expected. 
The solutions were verified for a notch depth that was significantly deeper (R/N=0.03) than all of 
the baseline FEM models. A limited number of crack lengths were analyzed since CPU run times 
were approximately 12 hours for each case due to the size of the models. 
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Figure 14:  Wide plate through-the-thickness crack beta solution verification for R/N = 0.03. 
 

Table 7:  Corner crack FEM geometry used for K-solution verification 

Plate Width  Hole Dia.  Thickness  R/N 

50.0  0.5  1.0  0.030 

 

Table 8:  Corner crack verification results. 

 

5  DISCUSSION AND CONCLUSIONS 

Baseline FEM data were limited to R/N values from 0.1 to 1.0. This corresponds to an edge 
distance (e/D) range of 4.5 to 0.0. While this would be sufficient for most practical cases, a K-
solution is often required for higher e/Ds when a secondary crack grows along a row of holes prior 
to final fracture. Extrapolating the 2-D semi-infinite plate results to an R/N of 0.01 allows a 
solution to be calculated for edge distances as high as 49.5. Although FEMs for R/N=0.01 were 
not attempted as part of this effort, there was very good agreement between the FEM results and 
the extrapolated beta-values for R/N=0.03. In addition, the extrapolation was well bounded by the 
known equivalent solution for the edge crack (R/N=0.0). The equivalent continuing damage beta 
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solution for an edge crack must be corrected since the crack length is measured from the edge of 
the notch. The 2-D semi-infinite plate beta table indicates that the solution is nearly converged to 
the equivalent edge crack solution for notch depths beyond R/N=0.01. 
 
The in-plane bending correction for the corner crack solution is complicated by the out-of-plane 
bending effect of the corner crack geometry. The proposed corner crack bending correction is in 
good agreement (< 6%) with the FEM results when the crack length in the c-direction is less than 
20% of the un-cracked net section width. There are few practical cases that would be affected by 
this limitation. 
 
The proposed closed-form solutions are offered as a reasonably accurate alternative to the use of 
detailed FEM K-solutions for continuing damage crack growth life prediction. 
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Appendix 1:  Thru-Crack (2-D) Semi-Infinite Plate Beta Table 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
The shaded area indicates that the beta solution has converged to the equivalent edge crack 
solution as noted in Section 2.1. 
 


